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VOLUME LEMMAS FOR PARTIALLY HYPERBOLIC
ENDOMORPHISMS AND APPLICATIONS
A. CRUZ AND G. FERREIRA AND P. VARANDAS
Abstract. We consider partially hyperbolic attractors for non-singular en-
domorphisms admitting an invariant stable bundle and a positively invariant
cone field with non-uniform cone expansion at a positive Lebesgue measure set
of points. We prove volume lemmas for both Lebesgue measure on the topo-
logical basin of the attractor and the SRB measure supported on the attractor.
As a consequence under a mild assumption we prove exponential large devia-
tion bounds for the convergence of Birkhoff averages associated to continuous
observables with respect to the SRB measure.
1. Introduction
One of the main goals of ergodic theory is to describe the statistical properties
of dynamical systems using invariant measures. In particular, the thermodynamic
formalism aims the construction and description of the statistical properties of
invariant measures that are physically relevant, meaning equilibrium states with
respect to some potential. Among these, one should refer the SRB measures whose
construction and the study of their statistical properties rapidly became a topic of
interest of the mathematics and physics communities. Unfortunately, apart from
the uniformly hyperbolic setting, where the existence of finite Markov partitions
allows to semiconjugate the dynamics to subshifts of finite type (see e.g. [2]) there
is no systematic approach for the construction of SRB measures.
In respect to that, there have been important contributions to the study of (non-
singular) endomorphisms. In the mid seventies, Przytycki [10] extended the notion
of uniform hyperbolicity to the context of endomorphisms and studied Anosov
endomorphisms. Here, due to the non-invertibility of the dynamics, the existence
of an invariant unstable subbundle for uniformly hyperbolic basic pieces needs to
be replaced by the existence of positively invariant cone fields on which vectors are
uniformly expanded by all positive iterates (we refer the reader to Subsection 3.2
for more details). In [12], Qian and Zhu constructed SRB measures for Axiom A
attractors of endomorphisms, obtaining these as equilibrium states for the geometric
potential defined using inverse limits. A characterization of SRB measures for
uniformly hyperbolic endomorphisms can also be given in terms of dimensional
characteristics of the stable manifold (cf. [16]). The thermodynamic formalism of
hyperbolic basic pieces for endomorphisms had the contribution of Mihailescu and
Urbanski [8] that introduced and constructed inverse SRB measures for hyperbolic
attractors of endomorphisms. Among the difficulties that arise when dealing with
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non-invertible hyperbolic dynamics one should refer that unstable manifolds may
have a complicated geometrical structure (cf. [11, 16]).
The ergodic theory for endomorphisms beyond the scope of uniform hyperbolicity
is much incomplete. In the context of surface endomorphisms, a major contribution
is due to Tsujii [15], that proved that for r ≥ 19, Cr-generic partially hyperbolic en-
domorphisms with an unstable cone field admit finitely many SRB measures whose
ergodic basins of attraction cover Lebesgue almost every point in the manifold (the
regularity can be dropped to r ≥ 2 on the space of non-singular endomorphisms).
While it remains unknown if these SRB measures are (generically) hyperbolic, an
extension to higher dimension should present significant difficulties as discussed by
the author (cf. [15, page 43]). In [6] the first and the third authors constructed
SRB measures for robust classes classes of non-singular C2-partially hyperbolic en-
domorphisms, proved their statistical stability and the continuous dependence of
their entropies with respect to the dynamics.
Our purpose here is to contribute to the ergodic theory of partially hyperbolic
attractors for endomorphisms. Given the non-invertible structure of the attractor,
even in the case of hyperbolic endomorphisms unstable manifolds have self inter-
sections (hence are badly understood in the ambient space) and stable manifolds
may fail to have good geometric properties when lifted to the natural extension (see
e.g [9] for a detailed survey on geometric and ergodic aspects of hyperbolic sets for
endomorphisms). In the non-hyperbolic context the situation becomes even more
intricate. Here we consider attractors for C1+α (α > 0) non-singular endomor-
phisms on compact Riemannian manifolds that admit uniform contraction along
a well defined invariant stable subbundle and has a positively invariant cone field.
Under a mild non-uniform cone-expansion assumption, these endomorphisms admit
finitely many hyperbolic and physical SRB measures, these are statistically stable
and their metric entropies vary continuously with respect to the underlying dy-
namics, and the SRB measure is unique if the attractor is transitive (here we mean
SRB measures as measures which are absolutely continuous desintegrations with
respect to Lebesgue measure along Pesin unstable manifolds) [6]. In this context,
unstable subbundles depend on the pre-orbits and are almost everywhere defined
via Oseledets theorem, hence the unstable Jacobian is defined just almost every-
where (with respect to the SRB measure) and could fail to be Ho¨lder continuous
on the attractor. Our main contribution here is to overcome such lack of regularity
of the unstable Jacobian we recover bounded distortion and obtain two volume
lemmas at instants of hyperbolicity (c-cone-hyperbolic times defined in [6]). The
(invariant) SRB measure is supported on the attractor, and the volume lemma for
the SRB measure lies on the regularity of the unstable Jacobian along preimages of
unstable disks. The volume lemma for Lebesgue measure on the topological basin
of the attactor is even more subtle. Since local unstable manifolds may intersect
we make use of some ’fake foliations’ tangent to the cone field and, in order to use
a Fubini-like argument, one needs to estimate the largest possible distortion using
any subspaces in the cone field (cf. Proposition 4.4 for the precise statement) and
its dependence on a small open neighborhood. These volume lemmas are the main
results of the paper. As a consequence we derive large deviations upper bounds for
the velocity of convergence of Birkhoff averages associated to continuous observables
using sub-additive observables associated to the invariant cone field.
2
This paper is organized as follows. In Section 2 we describe the class of partially
hyperbolic attractors considered here and state our results on large deviations. We
recall some preliminary results in Section 3. In Section 4 we prove a first volume
lemma, for the Lebesgue measure on the basin on the attractor. The volume lemma
for the SRB measure is proven in Section 5. In Section 6 we prove the large deviation
bounds for the volume and SRB measure and, finally we give some examples at
Section 7.
2. Statement of the main result
2.1. Setting. Throughout, letM be a compact connected Riemannian d∗-dimensional
manifold. Assume that f : M →M is a C1+α, α > 0, non-singular endomorphism
and that Λ ⊂ M a compact positively f -invariant subset. Let U ⊃ Λ be an open
set such that f(U) ⊂ U and assume
Λ = Λf :=
⋂
n≥0
fn(U),
where U denotes the closure of the set U . We say that Λ is a partially hyperbolic
attractor if there are a continuous splitting of the tangent bundle TUM = E
s ⊕ F
(where F is not necessarily Df -invariant) and constants c > 0 and 0 < λ < 1
satisfying:
(H1) Df(x) · Esx = E
s
f(x) for every x ∈ U ;
(H2) ‖Dfn(x)|Esx‖ ≤ λ
n for every x ∈ U and n ∈ N;
(H3) there is a cone field U ∋ x 7→ C(x) of constant dimension dimF so that
Df(x)(C(x)) ⊆ C(f(x)) for every x ∈ U , and there is a positive Lebesgue
measure set H ⊂ U so that:
lim sup
n→∞
1
n
n−1∑
j=0
log ‖(Df(f j(x))|C(fj(x)))
−1‖ ≤ −2c < 0, (2.1)
for every x ∈ H (the expression ‖(Df(f j(x))|C(fj(x)))
−1‖ is made precise
at Subsection 3);
(H4) ‖Df(x) v‖
∥∥Df(x)−1w∥∥ ≤ λ ‖v‖ ‖w‖ for every v ∈ Esx, all w ∈ Df(x)(C(x))
and x ∈ U .
Throughout the paper the constant c > 0 will be fixed as above. We say that Λ is
an attractor, Es is a uniformly contracting bundle and that C is a non-uniformly
expanding cone field(or that C exhibits non-uniform expansion). We will denote
d := dim(F ) = dim(C).
Theorem 2.1. [6, Theorem A] Let f be a C1+α non-singular endomorphism, Λ be
a partially hyperbolic attractor and U be the basin of attraction of Λ. Then there
are finitely many SRB measures for f whose basins of attraction cover H, Lebesgue
mod zero. Moreover, these measures are hyperbolic and, if Leb(U \ H) = 0 then
there are finitely many SRB measures for f in U . Furthermore, if f |Λ is transitive
then there is a unique SRB measure for f in U .
Many large deviation estimates for non-uniformly hyperbolic dynamics rely on
the differentiability of the pressure function on regular (e.g. Ho¨lder continuous)
potentials, which is still an open question in our context. The level-1 large devia-
tions estimates that we shall obtain here stand for continuous observables and rely
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on the following volume lemmas, which are the main results in this paper and of
independent interest.
First volume lemma: There exists δ > 0 so that for every 0 < ε < δ there exists
K(ε) > 0 so that if n is a c-cone-hyperbolic time for x and F1 is any subspace of
dimension d contained in C(x) then
K(ε)−1e− log | detDf
n(x)|F1 | ≤ Leb(B(x, n, ε)) ≤ K(ε)e− log | detDf
n(x)|F1 |.
Second volume lemma: Assume that the density of the SRB measure µ is
bounded away from zero and infinity. There exists δ > 0 so that for every 0 < ε < δ
there exists K(ε) > 0 so that if n is a c-cone-hyperbolic time for x and F1 is any
subspace of dimension d contained in C(x) then
K(ε)−1e− log | detDf
n(x)|F1 | ≤ µ(Λ ∩B(x, n, ε)) ≤ K(ε)e− log | detDf
n(x)|F1 |.
Some comments are in order. First, the precise statements of the volume lem-
mas appear as Propositions 4.5 and 5.2, respectively. Moreover, since invariance
of subbundles in the cone field are obtained when the entire pre-orbit is fixed,
the observable log | detDfn(x) |F1 | above leads to a non-stationary Birkhoff sum
associated to the family of potentials {log | detDf |Dfj(F1) |}0≤j≤n−1. We over-
come this fact by proving that the asymptotic behavior of this family of po-
tentials coincides with the sub-additive behavior of the maximal volume com-
puted using subspaces in the cone field. More precisely the sequence of functions
Γn(x) = maxF1⊂C(x) | detDf
n(x) |F1 | is sub-multiplicative and, by Kingman’s
subadditive ergodic theorem, if ν is an invariant probability measure then
Γν(x) = lim
n→∞
1
n
log Γn(x) exists for ν-a.e. x, (2.2)
and ∫
Γν(x) dν = inf
n≥1
1
n
∫
log Γn(x) dν(x),
and these are related with the volume expansion of any subspace of fixed dimension
contained in the cone field (cf. Corollary 4.2). Moreover, the latter are almost every-
where constant provided that ν is ergodic. The following result asserts that under
a mild assumption on the sequence of cone-hyperbolic times (see Definition 4.1 for
the definition of non-lacunarity) the SRB measure is a weak Gibbs measure (see
Proposition 6.1 for the precise statement) and satisfies large deviations estimates
for continuous observables:
Theorem A. Let f be a C1+α non-singular endomorphism, Λ be a transitive par-
tially hyperbolic attractor, U be the basin of attraction of Λ and µ be the unique SRB
measure for f |Λ. Assume that the density of the SRB measure is bounded away
from zero and infinity and that the sequence of cone-hyperbolic times is non-lacunar
for µ-almost everywhere. Then: (i) µ is a weak Gibbs measure, and (ii) there exists
C > 0 so that for every continuous observable φ and every closed interval F ⊂ R
lim sup
n→∞
1
n
logµ
(
x ∈ Λ:
1
n
n−1∑
j=0
φ(f j(x)) ∈ F
)
≤ max{ inf
β>0
Eµ(β),− inf
c∈F
I(c) + β},
(2.3)
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where Eµ(β) = lim supn→∞
1
n
logµ
(
x : n1(x) >
βn
2 logC
)
and
I(c) = sup
{∫
Γν(x) dν(x) − hν(f) : ν ∈Mf ,
∫
φdν = c
}
≥ 0.
In rough terms, the large deviations estimate (2.3) bounds the velocity of conver-
gence of Birkhoff averages as the smallest when comparing the exponential decay
rate Eµ(β) for the tail of the first c-cone-hyperbolic time map and a kind of “dis-
tance” I(·) from a set of measures to the equilibrium, computed among measures
with the prescribed averages in the closed interval F . The proof of Theorem A
explores the fact that under the previous assumptions the SRB measures is a weak
Gibbs measure (cf. Proposition 6.1). For a some account on large deviations for
endomorphisms we refer the reader to [1, 5, 7] and references therein.
Remark 2.1. If one assumes that the sequence of cone-hyperbolic times is non-
lacunar for Leb-almost every point then we also obtain the upper bound
lim sup
n→∞
1
n
logLeb
(
x ∈ U :
1
n
n−1∑
j=0
φ(f j(x)) ∈ F
)
≤ max{ inf
β>0
Eµ(β),− inf
c∈F
I(c)}
(2.4)
for every continuous observable φ and every c ∈ R. However, while in the case of the
SRB measure the non-lacunarity of the sequences of cone-hyperbolic times follows
from integrability of the first cone-hyperbolic time map this is far from immediate in
the case of non-invariant probability measures (see Remark 4.1 for a more detailed
discussion).
In view of Theorem A we can now provide a criterion for exponential large
deviations. Note that the first cone-hyperbolic time map n1 is well defined µ-
almost everywhere. We say the first cone-hyperbolic time map n1 has exponential
tail (with respect to µ) if there exists η > 0 so that µ(n1 > n) ≤ e
−ηn for all n≫ 1.
Corollary A. In the context of Theorem A, if the first cone-hyperbolic time map
n1 has exponential tail with respect to µ then for every δ > 0 it follows that
lim sup
n→∞
1
n
logµ
(
x ∈ Λ:
∣∣ 1
n
n−1∑
j=0
φ(f j(x)) −
∫
φdµ
∣∣ ≥ δ) < 0.
3. Preliminaries
The present section is devoted to some preliminary discussion on the notion of
uniform and non-uniform hyperbolicity for non-singular endomorphisms. Given
the vector spaces V and W and a cone E ⊂ V , let the vector space LE(V,W ) :=
{T |E : T ∈ L(V,W )} be endowed with the norm ‖T |E‖ = sup06=v∈E
‖T ·v‖
‖v‖ . Given
a non-singular endomorphism f :M →M , a Df -invariant and convex cone field C
and x ∈M , denote by (Df(x)|C(x))
−1 the map
Df(x)−1 |Df(x)(C(x)): Df(x)(C(x))→ C(x) ⊂ TxM.
If TM = E⊕F is a continuous splitting of the tangent bundle, the cone field of width
a > 0 centered at F is the continuous map x 7→ C(x) that assigns to each x ∈M the
cone of width a > 0 centered at Fx, where C := {v = v1 ⊕ v2 ∈ E ⊕ F : ‖v1‖ ≤ a‖v2‖}.
Finally, a submanifold D ⊂ M is tangent to the cone field x 7→ C(x) if dim(D) =
dim(C) and TxD ⊂ C(x), for every x ∈ D.
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Let Λ ⊂ M be a compact positively invariant subset of M and Λ ∋ x 7→ C(x)
be a Df -invariant cone field on Λ.
Definition 3.1. Let M be a compact Riemannian manifold, f : M → M be a
non-singular endomorphism and c > 0. We say that n ∈ N is a c-cone-hyperbolic
time for x ∈M (with respect to C) if Df(f j(x))(C(f j(x))) ⊂ C(f j+1(x)) for every
0 ≤ j ≤ n− 1 and
n−1∏
j=n−k
∥∥(Df(f j(x))|C(fj(x)))−1∥∥ ≤ e−ck for every 1 ≤ k ≤ n. (3.1)
It is easy to see that if n < m are c-cone hyperbolic times then m−n is a c-cone
hyperbolic time for fn(x). Moreover, if n is a c-cone-hyperbolic time for x ∈ M
then
‖Dfn−j(f j(x)) · v‖ ≥ ec(n−j)‖v‖, (3.2)
for every v ∈ C(f j(x)) and 0 ≤ j ≤ n− 1 (cf. [6]).
3.1. Natural extension. The natural extension of M by f is the set
Mf := {xˆ = (x−j)j∈N : x−j ∈M and f(x−j) = x−j+1, for every j ∈ N}.
We can induce a metric on Mf by dˆ(xˆ, yˆ) :=
∑
j∈N 2
−jd(x−j , y−j). The space M
f
endowed with the metric dˆ is a compact metric space and the topology induced
by dˆ is equivalent to the topology induced by MN endowed with Tychonov’s prod-
uct topology. The projection π :Mf →M given by π(xˆ) := x0 is a continuous map.
The lift of f is the map fˆ :Mf →Mf given by fˆ(xˆ) := (. . . , x−n, . . . , x−1, x0, f(x0)),
and it is clear that f ◦π = π◦ fˆ . Finally, for each xˆ ∈Mf we take TxˆMf := Tpi(xˆ)M
and set
Dfˆ(xˆ) : TxˆM
f → T
fˆ(xˆ)M
f
v 7→ Df(π(xˆ))v.
If Λ ⊂ M is a compact positively invariant, that is, f(Λ) ⊂ Λ, the natural exten-
sion of Λ by f is the set of pre-orbits that lie on Λ, that is, Λf := {xˆ = (x−j)j∈N :
x−j ∈ Λ and f(x−j) = x−j+1 for every j ∈ N}. The projection π induces a continu-
ous bijection between fˆ -invariant probability measures and f -invariant probability
measures: assigns every µˆ in Mf to the push forward π∗µˆ = µ (see e.g. [11] for
more details).
3.2. Non-uniform hyperbolicity for endomorphisms.
3.2.1. Lyapunov exponents and non-uniform hyperbolicity. We need the following:
Proposition 3.1. [11, Proposition I.3.5] Suppose that M is a compact Riemannian
manifold. Let f :M →M be a C1 map preserving a probability measure µ. There
is a Borelian set ∆ˆ ⊂ Mf with fˆ(∆ˆ) = ∆ˆ and µˆ(∆ˆ) = 1 satisfying that for every
xˆ ∈ ∆ˆ there is a splitting TxˆMf = E1(xˆ) ⊕ · · · ⊕ Er(xˆ)(xˆ) and numbers +∞ >
λ1(xˆ) > λ2(xˆ) > · · · > λr(xˆ)(xˆ) > −∞ (Lyapunov exponents) and multiplicities
mi(xˆ) for 1 ≤ i ≤ r(xˆ) such that:
(1) Dfˆ(fˆn(xˆ)) : T
fˆn(xˆ)M
f → T
fˆn+1(xˆ)M
f is a linear isomorphism for every
n ∈ Z;
(2) the functions r : ∆ˆ→ N, mi : ∆ˆ→ N and λi : ∆ˆ→ R are fˆ-invariant ;
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(3) dim(Ei(xˆ)) = mi(xˆ) for every 1 ≤ i ≤ r(xˆ) ≤ dimM ;
(4) the splitting is Dfˆ-invariant, that is, Dfˆ(xˆ) · Ei(xˆ) = Ei(fˆ(xˆ)), for every
1 ≤ i ≤ r(xˆ);
(5) limn→±∞
1
n
log ‖Dfˆn(xˆ) ·u‖ = λi(xˆ) for every u ∈ Ei(xˆ)\ {0} and for every
1 ≤ i ≤ r(xˆ);
(6) if ρ1(xˆ) ≥ ρ2(xˆ) ≥ · · · ≥ ρd(xˆ) represent the numbers λi(xˆ) repeated
mi(xˆ) times for each 1 ≤ i ≤ r(xˆ) and {u1, u2, . . . , ud}is a basis for
TxˆM
f satisfying limn→±∞
1
n
log ‖Dfˆn(xˆ) · ui‖ = ρi(xˆ) for every 1 ≤ i ≤
d, then for any subsets P,Q ⊂ {1, 2, . . . , d} with P ∩ Q = ∅ one has
limn→∞
1
n
log∠(Dfˆn(xˆ) · EP , Dfˆn(xˆ) · EQ) = 0 where EP and EQ are,
respectively, the subspaces generated by {ui}i∈P and {ui}i∈Q.
Moreover, if µˆ is ergodic then the previous functions are constant µˆ-almost every-
where.
Given an f -invariant probability measure µ, we say that µ is hyperbolic if is
has no zero Lyapunov exponents. Associated to this formulation of the concept of
Lyapunov exponents we have the existence of unstable manifolds(stable manifolds,
see [11, Proposition V.4.5] ) for almost every point with respect to some invariant
measure with some positive Lyapunov exponents. Consider the subspaces Euxˆ :=⊕
λi(xˆ)>0
Ei(xˆ) and E
cs
xˆ :=
⊕
λi(xˆ)≤0
Ei(xˆ).
Proposition 3.2. [11, Proposition V.4.4] There is a countable number of compact
subsets (∆ˆi)i∈N, of M
f with
⋃
i∈N ∆ˆi ⊂ ∆ˆ and µˆ(∆ˆ\
⋃
i∈N ∆ˆi) = 0 such that:
(1) for each ∆ˆi there is ki ∈ N satisfying dim(Eu(xˆ)) = ki for every xˆ ∈ ∆ˆi
and the subspaces Euxˆ and E
cs
xˆ depend continuously on xˆ ∈ ∆ˆi;
(2) for any ∆ˆi there is a family of C
1 embedded ki-dimensional disks {Wuloc(xˆ)}xˆ∈∆ˆi
in M and real numbers λi, ε≪ λi, ri < 1, γi, αi and βi such that the fol-
lowing properties hold for each xˆ ∈ ∆ˆi:
(a) there is a C1 map hxˆ : Oxˆ → Ecsxˆ , where Oxˆ is an open set of E
u
xˆ which
contains
{v ∈ Euxˆ : ‖v‖ < αi} satisfying: (i) hxˆ(0) = 0 and Dhxˆ(0) = 0; (ii)
Lip(hxˆ) ≤ βi and
Lip(Dhxˆ(·)) ≤ βi; and (iii) Wuloc(xˆ) = expx0(graph(hxˆ)).
(b) for any y0 ∈ Wuloc(xˆ) there is a unique yˆ ∈ M
f such that π(yˆ) = y0
and
dist(x−n, y−n) ≤ min{rie
−εin, γie
−λindist(x0, y0)}, for every n ∈ N,
(c) if Wˆuloc(xˆ) :=
{
yˆ ∈ Mf : y−n ∈ Wuloc(fˆ
−n(xˆ)), for every n ∈ N
}
then
π : Wˆuloc(xˆ)→W
u
loc(xˆ) is bijective and fˆ
−n(Wˆuloc(xˆ)) ⊂ Wˆ
u
loc(fˆ
−n(xˆ)).
(d) for any yˆ, zˆ ∈ Wˆuloc(xˆ) it holds dist
u
fˆ−n(xˆ)
(y−n, z−n) ≤ γie−λindistuxˆ(y0, z0)
for every n ∈ N, where distuxˆ is the distance along W
u
loc(xˆ).
3.3. SRB measures. The notion of SRB measure for endomorphisms depends in-
trinsically on the existence of unstable manifolds, whose geometry and construction
are more involving than for diffeomorphisms as unstable manifolds may have self
intersections (hence do not generate an invariant foliation).
Let (X,A, µ) be a probability space and P be a partition of X . We say that P is
a measurable partition if there is a sequence of countable partitions of X , (Pj)j∈N,
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such that P =
∨∞
j=0 Pj mod 0. Consider the projection p : X → P that associate
to each x ∈ X the atom P(x) that contains x. We say that a subset Q ⊂ P is
measurable if, and only if p−1(Q) is measurable. It is easy to see that the family
of all measurable sets of P is a σ-algebra of P . If µ is an f -invariant probability
measure with at least one positive Lyapunov exponent at µ almost every point, a
measurable partition P of Mf is subordinated to unstable manifolds if for µˆ a.e.
xˆ ∈ Mf (1) π|P(xˆ) : P(xˆ) → π(P(xˆ)) is bijective, and (2) there is a submanifold
Wxˆ with dimension k(xˆ) in M such that Wxˆ ⊂Wu(xˆ), π(P(xˆ)) ⊂Wxˆ and π(P(xˆ))
contains an open neighborhood of x0 in Wxˆ, where P(xˆ) denotes the element of
the partition P that contains xˆ and k(xˆ) denotes the number of positive Lyapunov
exponents at xˆ. Moreover, taking µ˜ := p∗µ, , a disintegration of µ with respect to
P is a family (µP )P∈P of probability measures on X so that:
(1) µP (P ) = 1 for µ˜ a.e. P ∈ P ;
(2) for every measurable set E ⊂ X the map P ∋ P 7→ µP (E) is measurable;
(3) µ(E) =
∫
µP (E) dµ˜(P ) for every measurable set E ⊂ X .
We are now in a position to define the SRB property for invariant measures.
Definition 3.2. We say that an f -invariant and ergodic probability measure µ is an
SRB measure if it has at least one positive Lyapunov exponent almost everywhere
and for every partition P subordinated to unstable manifolds one has π∗µˆP(xˆ) ≪
LebWxˆ for µˆ a.e. xˆ ∈M
f , where (µˆP(xˆ))xˆ∈Mf is a disintegration of µˆ with respect
to P.
The construction of the SRB measures for these partially hyperbolic attractors
follows from careful control of densities of push-forward of the Lebesgue measure
on disks tangent to the cone field [6]. By (H3), there exists a disk D that is tangent
to the cone field C and so that (2.1) holds for a positive Lebesgue measure set in D
and SRB measures arise from the ergodic components of the accumulation points
of the Ce`saro averages
µn =
1
n
n−1∑
j=0
f j∗LebD (3.3)
The non-uniform expansion on the cone field ensures that for every x ∈ H ∩ D
there are infinitely many values of n (with positive frequency) so that ‖Dfn(x) ·
v‖ ≥ ecn‖v‖ for all v ∈ C(x). The previous uniformity is crucial because unstable
directions (to be defined a posteriori at almost every point by means of Oseledets
theorem) will be contained in the cone field C but cannot be determined a priori,
and to prove the SRB measures are hyperbolic measures. Moreover, it guarantees
that if Dn denotes a suitable family of disks in D that are expanded by fn and ν
is an accumulation point of the measures
νn :=
1
n
n−1∑
j=0
f j∗LebDj (3.4)
then its support is contained in a union of disks obtained as accumulations of
disks of uniform size fn(Dn), for Dn ∈ Dn, as n → ∞. Due to possible self-
intersections of disks ∆ obtained as accumulations of the family of disks fn(Dn)
tangent to C a selection procedure on the space of pre-orbits (which also involve the
lifting of a reference measure to the natural extension) becomes necessary. Such a
construction involves a careful selection of pre-orbits so that accumulation disks are
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contained in unstable manifolds parametrized by elements of the natural extension.
In consequence, any invariant measure supported in these disks will be hyperbolic
since it will have only positive Lyapunov exponents in the direction complementary
to the stable bundle. The proof of the SRB property involves a careful and technical
choice of partitions adapted to unstable disks on the natural extension that resemble
an inverse Markov tower.
4. A first volume lemma
4.1. c-Cone-hyperbolic times and geometry of disks tangent to C. In this
subsection we collect some results from [6]. Consider D a disk in M which is
tangent to the cone field C and assume that D satisfies LebD(H) > 0, where H is
the subset given by hypothesis (H3). For ε > 0 and x ∈ M denote by TxM(ε) :=
{v ∈ TxM : ‖v‖ ≤ ε} the ball of radius ε-centered on 0 ∈ TxM . Fix δ0 > 0 such
that the exponential map restricted to TxM(δ0) is a diffeomorphism onto its image
for every x ∈ M , and set B(x, ε) := expx(TxM(ε)) for every 0 < ε ≤ δ0. As D
is tangent to the cone field there exists 0 < δ ≤ δ0 such that if y ∈ B(x, δ) ∩ D
then there exists a unique linear map Ax(y) : TxD → E
s
x whose graph is parallel to
TyD. Moreover, by compactness of M , δ can be taken independent of x. Thus one
can express the Ho¨lder variation of the tangent bundle in these local coordinates
as follows: given C > 0 and 0 < α < 1 we say that the tangent bundle TD of
D is (C,α)-Ho¨lder if ‖Ax(y)‖ ≤ C · distD(x, y)α, for every y ∈ B(x, δ0) ∩ D and
x ∈ D. Moreover, the α-Ho¨lder constant of the tangent bundle TD is given by the
number: κ(TD,α) := inf {C > 0 : TD is (C,α)-Ho¨lder} . Since our assumptions
imply that disks tangent to the cone field are preserved under positive iteration
by the dynamics and assumption (H4) guarantees domination,and a control of the
distortion along disks tangent to the cone field (cf. [6, Proposition 5.1]).
Proposition 4.1. [6, Proposition 5.1] There are α, β ∈ (0, 1) and C0 > 0 such that
if N and f(N) are submanifold ofM tangent to the cone field C then κ(Df(N), α) ≤
β ·κ(TN,α)+C0. In consequence, there is L1 > 0 (depending only on f) such that
if f j(N) is a submanifold of M tangent to C for all 0 ≤ j ≤ k then the map
Jk : f
k(N) → R
x 7→ log
∣∣det(Df(x)|Txfk(N))
∣∣ ,
is (L1, α)-Ho¨lder continuous.
Hypothesis (H3) implies that there exists a disk D ⊂ U tangent to C and a
positive Lebesgue measure subset H ⊂ D satisfying
lim sup
n→∞
1
n
n−1∑
j=0
log ‖(Df(f j(x))|C(fj(x)))
−1‖ ≤ −2c < 0 (4.1)
for every x ∈ H . Pliss’ lemma ensures that there exists θ > 0 (that depends only
on f and c) so that the following holds: for every x ∈ H and n ≥ 1 large there
exists a sequence 1 ≤ n1(x) < · · · < nl(x) ≤ n of c-cone-hyperbolic times for x with
l ≥ θn.
Definition 4.1. Given x ∈ Λ with infinitely many cone-hyperbolic times, let ni =
ni(x) denote the ith cone hyperbolic time for x. We say that the sequence (ni)i≥1
is non-lacunar if ni+1/ni → 1 as i→∞.
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Remark 4.1. We observe that the non-lacunarity of a given sequence of positive
integers requires the gaps between consecutive elements to be small in comparison
with the growth of the elements in the sequence. Nevertheless, sequences of hy-
perbolic times are commonly non-lacunar, and this fact is a consequence of the
integrability of the first hyperbolic time map (see e.g. [17, Lemma 3.9]).
Remark 4.2. A simple computation shows that n1(f
ni(x)(x)) = ni+1(x) − ni(x)
and that, for every ε > 0, Leb(x ∈ U : ni+1(x) − ni(x) > εni(x)) coincides with
Leb(x ∈ U : n1(fni(x)(x)) > εni(x)). Consequently, the condition
∀ε > 0:
∑
k≥1
Leb(x ∈ U : n1(f
k(x)) > εk) <∞ (4.2)
together with Borel-Cantelli implies that the sequence of cone-hyperbolic times is
Lebesgue almost everywhere non-lacunar. Arau´jo and Pac´ıfico [1], presentd large
deviations upper bounds for the Lebesgue measure using an alternative method of
covering at instants of hyperbolicity.
Given a submanifold D ⊂ M we denote by distD the Riemannian distance on
D then distM ≤ distD.
Proposition 4.2. [6, Proposition 5.2] Let D be a C1 disk embedded in U that is
tangent to C. There is δ > 0 such that if n is a c-cone-hyperbolic time for x ∈ D and
d(x, ∂D) > δ then there is an open neighborhood D(x, n, δ) of x in D diffeomorphic
to a C1-disk ∆(fn(x), δ) by fn. Moreover
distfn−k(D(x,n,δ))(f
n−k(x), fn−k(y)) ≤ e−
c
2 kdist∆(fn(x),δ)(f
n(x), fn(y))
for every y ∈ D(x, n, δ) and 1 ≤ k ≤ n.
We observe the constant δ > 0 in Proposition 4.2 is independent of x ∈M . The
disks D(x, n, δ) ⊂ D are called hyperbolic pre-disks and their images ∆(fn(x), δ)
are called n-hyperbolic disks. We need the following bounded distortion property
(cf. [6, Proposition 5.2]) for the Jacobian of f along disks tangent to the invariant
cone field.
Proposition 4.3. Suppose D is a C1 disk embedded in U , x ∈ D and let n be a
c-cone hyperbolic time for x. There is C1 > 0 such that
C−11 ≤
|det Dfn(y)|TyD(x,n,δ)|
|det Dfn(z)|TzD(x,n,δ)|
≤ C1
for every y, z ∈ D(x, n, δ), where D(x, n, δ) is the hyperbolic pre-disk at x.
4.2. The first volume lemma. In this subsection we restate and prove a volume
lemma for the Lebesgue measure of dynamic balls on the ambient space. The
volume lemma follows from a Fubini-like argument together with two bounded
distortion lemmas, one obtained as consequence of backward contraction property
for disks tangent to the cone field at c-cone-hyperbolic times, and the other that
requires the control of distortion for all subspaces of maximal dimension contained
in the cone field.
Recall that the cone field C has constant dimension d. Given x ∈ M and two
subspaces F1, F2 of dimension d contained in the cone C(x), there exist unique
linear maps LF2 : F1 → E
s
x and LF1 : F2 → E
s
x such that
F2 = graph(LF2) := {v + LF2(v) ∈ F1 ⊕ E
s
x : v ∈ F1}, (4.3)
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and F1 = graph(LF1). We measure the distance between two subspaces F1 and F2
on TxM by
θx(F1, F2) := max{‖LF1‖, ‖LF2‖}.
Note that θx(F1, F2) = 0 if and only if F1 and F2 coincide and this is roughly a
projective metric.
Remark 4.3. Since f is a local diffeomorphism, given x ∈ M , two subspaces
F1, F2 ⊂ TxM of dimension d and the linear map LF2 : F1 → E
s
x such that F2 =
graph(LF2), the subspaces Df(x)F1 and Df(x)F2 also have dimension d. Moreover,
Df(x)F2 is obtained as the graph of a unique linear map L
1
F2
: Df(x)F1 → Esf(x).
In addition, by (4.3) and the Df -invariance of the stable subbundle we get
Df(x)[v + LF2(v)] = Df(x)v +Df(x)LF2(v) ∈
[
Df(x)F1 ⊕ E
s
f(x)
]
∩ graph(L1F2),
and, consequently, Df(x)LF2(v) = L
1
F2
(Df(x)v) for each v ∈ F2 (see Figure 1
below). By induction, we get that
E
s
x
E
s
f(x)
F1
F
1
1
F
1
2F2
o
oo
LF2(v)
v
o
Df(x)LF2(v)
o
Df(x)v
Df(x)LF2(v) = LF 1
2
(Df(x)v)
Figure 1. Iteration of subspaces that are graphs
Df i(x)LF2(v) = L
i
F2
(Df i(x)v) for every v ∈ F2 and every i ≥ 1, (4.4)
where F i2 = Df
i(x)F2 = graph(L
i
F2
), LiF2 : F
i
1 → E
s
fi(x) and F
i
1 := Df
i(x)F1.
Lemma 4.1. There exists κ ∈ (0, 1) such that for every n ≥ 1,
θfi(x)(Df
i(x)F1, Df
i(x)F2) ≤ κ
i · θx(F1, F2) for every 1 ≤ i ≤ n.
Proof. Given n ≥ 1, v ∈ F1 and vi = Df i(x)v for every 0 ≤ i ≤ n. The invariance
condition (4.4) and the domination condition (H4)
‖LF i2vi‖
‖vi‖
=
‖Df i(x)LF2v‖
‖Df i(x)v‖
≤ λi
‖LF2v‖
‖v‖
≤ λiθx(F1, F2)
for every 0 ≤ i ≤ n. Since estimates for ‖LF i1‖ are analogous the lemma follows by
taking κ = λ. 
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Proposition 4.4. If n ≥ 1, d > 1, F1, F2 ⊂ TxM are subspaces of dimension d
contained in C(x) and θx(F1, F2) <
1
d2−1 then there exists K > 0 such that∣∣∣∣ |det(Df
n(x)|F2 )|
|det(Dfn(x)|F1 )|
− 1
∣∣∣∣ ≤ K θx(F1, F2)1− (d2 − 1)θx(F1, F2) .
Proof. Assume d > 1. Given a orthonormal basis e1, ..., ed of F1 we have that
‖e1 ∧ ... ∧ ed‖ = 1 and
|det(Dfn(x)|F1 )| = ‖Df
n(x)e1 ∧ ... ∧Df
n(x)ed‖. (4.5)
We proceed to estimate |det(Dfn(x)|F2)|. Note that for any pair of orthonormal
vectors es, er on F1 we have
| ‖Dfn(x)(er + LF2er) ∧Df
n(x)(es + LF2es)‖ − ‖Df
n(x)er ∧Df
n(x)es‖ |
≤ ‖Dfn(x)er ∧Df
n(x)LF2es +Df
n(x)LF2er ∧Df
n(x)es +Df
n(x)LF2er ∧Df
n(x)LF2es‖
= ‖Dfn(x)er ∧ L
n
F2
Dfn(x)es + L
n
F2
Dfn(x)er ∧Df
n(x)es + L
n
F2
Dfn(x)er ∧ L
n
F2
Dfn(x)es‖
≤ 3‖LnF2‖‖Df
n(x)er ∧Df
n(x)es‖.
Using the previous argument recursively, we get
| ‖Dfn(x)(e1 + LF2e1) ∧ ...∧Df
n(x)(ed + LF2ed)‖ − ‖Df
n(x)e1 ∧ ... ∧Df
n(x)ed‖ |
≤ (d2 − 1)‖LnF2‖‖Df
n(x)e1 ∧ ... ∧Df
n(x)ed‖,
which implies that
‖Dfn(x)(e1 + LF2e1) ∧ ... ∧Df
n(x)(ed + LF2ed)‖ (4.6)
≤ [1 + (d2 − 1)‖LnF2‖] ‖Df
n(x)e1 ∧ ... ∧Df
n(x)ed‖
and
‖Dfn(x)(e1 + LF2e1) ∧ ... ∧Df
n(x)(ed + LF2ed)‖ (4.7)
≥ [1− (d2 − 1)‖LnF2‖] ‖Df
n(x)e1 ∧ ... ∧Df
n(x)ed‖.
Proceeding as above we also obtain that
| ‖(e1 + LF2e1) ∧ ... ∧ (ed + LF2ed)‖ − ‖e1 ∧ ... ∧ ed‖ | ≤ (d
2 − 1)θx(F1, F2).
or, equivalently,
1− (d2 − 1)θx(F1, F2) ≤ ‖(e1 + LF2e1) ∧ ... ∧ (ed + LF2ed)‖ ≤ 1 + (d
2 − 1)θx(F1, F2)(4.8)
By Lemma 4.1, together with (4.5), (4.6) and (4.8), we conclude that
|det(Dfn(x)|F2 )| =
‖Dfn(x)(e1 + LF2e1) ∧ ... ∧Df
n(x)(ed + LF2ed)‖
‖(e1 + LF2e1) ∧ ... ∧ (ed + LF2ed)‖
≤
1 + (d2 − 1)‖LnF2‖
1− (d2 − 1)θx(F1, F2)
· ‖Dfn(x)e1 ∧ ... ∧Df
n(x)ed‖
≤
1 + (d2 − 1)θfn(x)(F
n
1 , F
n
2 )
1− (d2 − 1)θx(F1, F2)
· ‖Dfn(x)e1 ∧ ... ∧Df
n(x)ed‖,
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and so
|det(Dfn(x)|F2)|
|det(Dfn(x)|F1)|
≤
1 + (d2 − 1)θfn(x)(F
n
1 , F
n
2 )
1− (d2 − 1)θx(F1, F2)
= 1 +
(d2 − 1)[θx(F1, F2) + θfn(x)(F
n
1 , F
n
2 )]
1− (d2 − 1)θx(F1, F2)
≤ 1 +
(d2 − 1)[θx(F1, F2) + θfn(x)(F
n
1 , F
n
2 )]
1− (d2 − 1)θx(F1, F2)
≤ 1 +
(d2 − 1)(1 + κn)
1− (d2 − 1)θx(F1, F2)
θx(F1, F2)
≤ 1 + 2(d2 − 1)
θx(F1, F2)
1− (d2 − 1)θx(F1, F2)
for every n ≥ 1. Analogously, using (4.5), (4.7) and (4.8),
|det(Dfn(x)|F2)|
|det(Dfn(x)|F1)|
≥
1− (d2 − 1)θfn(x)(F
n
1 , F
n
2 )
1 + (d2 − 1)θx(F1, F2)
= 1−
(d2 − 1)θfn(x)(F
n
1 , F
n
2 ) + (d
2 − 1)θx(F1, F2)
1 + (d2 − 1)θx(F1, F2)
≥ 1−
(d2 − 1)(1 + κn)θx(F1, F2)
1 + (d2 − 1)θx(F1, F2)
≥ 1−
2(d2 − 1)θx(F1, F2)
1 + (d2 − 1)θx(F1, F2)
.
Taking K = 2(d2 − 1) the lemma follows. 
Remark 4.4. If d = 1 a simplification of the previous argument yields that if
e1 ∈ F1 and ‖e1‖ = 1 then
|det(Dfn(x)|F2)|
|det(Dfn(x)|F1)|
=
‖Dfn(x)(e1 + LF2e1)‖
‖e1 + LF2e1‖
≤
1 + ‖Dfn(x)LF2e1‖
1− θx(F1, F2)
≤
1 + θfn(x)(F
n
1 , F
n
2 )
1− θx(F1, F2)
and the lower bound follows analogously.
Using Lemma 4.1 and Proposition 4.4, we deduce the following bounded distor-
tion property:
Corollary 4.1. There exists K0 > 0 so that for every n ≥ 1
1
K0
≤
|det(Dfn(x)|F2 )|
|det(Dfn(x)|F1 )|
≤ K0 (4.9)
for any subspaces F1, F2 of dimension d contained in the cone C(x).
Proof. Assumptions (H1)-(H4) ensure that the angle between vectors in Es and vec-
tors contained in the cone field C(·) is uniformly bounded away from zero on the
attractor Λ. Hence θx(F1, F2) is uniformly bounded, for every x ∈ Λ and any pair
of subspaces F1, F2 contained in C(x). This, together with Proposition 4.4 and Re-
mark 4.4 implies that (4.9) holds withK0 = 1+2Kmaxx∈ΛmaxF1,F2⊂C(x) θx(F1, F2)
for any subspaces F1, F2 of dimension d contained in the cone C(x) so that θx(F1, F2) <
min{ 12(d2−1) ,
1
2}.
Now, let F1, F2 be arbitrary subspaces of dimension d contained in C(x). Re-
call that F2 is the graph of a linear map LF2 : F1 → E
s
x. The Grassmanian
Grassd(R
dimM ), that is, the set of all d-dimensional subspaces in RdimM , is com-
pact (see e.g. [14]). Therefore, there exists N = N(d) ≥ 1 so that Grassd(RdimM )
admits a finite cover by N balls of radius 12(d2−1) . Using that M is compact and
that the fiber bundle TM is locally isomorphic to U × RdimM (U ⊂ M) we have
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the following consequence: there exists 1 ≤ r ≤ N and a family (Ei)1≤i≤r of sub-
spaces of dimension d contained in the cone such that E1 = F1, Er = F2 and
θx(Ei, Ei+1) <
1
2(d2−1) for every 1 ≤ i ≤ r − 1. In particular (4.9) holds with
K0 = (1 + 2Kmaxx∈ΛmaxF1,F2⊂C(x) θx(F1, F2))
N . This proves the corollary. 
We will need the following:
Corollary 4.2. Let ν be an f -invariant probability measure supported on Λ. Then,
for ν-almost every x and for any subspace F1 ⊂ C(x) of dimension d
Γν(x) = lim
n→∞
1
n
log | detDfn(x) |F1 | =
∑
λi(ν,x)>0
λi(ν, x),
where λ1(ν, x) ≤ λ2(ν, x) ≤ · · · ≤ λd(ν, x) are the ν-almost everywhere defined
Lyapunov exponents of f with respect to ν along the cone direction.
Proof. Let ν be f -invariant probability measure supported on Λ and let νˆ be the
unique fˆ -invariant probability measure such that π∗νˆ = ν. By Oseledets theorem
there exists a almost everywhere defined Dfˆ -invariant splitting Tpi(xˆ)M = E1(xˆ)⊕
· · · ⊕ Er(xˆ)(xˆ) so that limn→±∞
1
n
log ‖Dfˆn(xˆ)u‖ = λi(xˆ) for every u ∈ Ei(xˆ)\ {0}
and for every 1 ≤ i ≤ r(xˆ) (cf. Proposition 3.1)). However, by partially hyperbol-
icity (recall assumptions (H1) and (H3)) Es is a Df -invariant subbundle and C(·)
is a Df -invariant cone field. This fact, together with the latter, ensures that for
νˆ-almost every xˆ there exists 1 < s(xˆ) < r(xˆ) so that
Espi(xˆ) = E1(xˆ)⊕ · · · ⊕Es(xˆ)(xˆ) and Tpi(xˆ)M = E
s
pi(xˆ)⊕Es(xˆ)+1(xˆ)⊕ · · · ⊕Er(xˆ)(xˆ),
and the Dfˆ -invariant subspace Fˆpi(xˆ) := Es(xˆ)+1(xˆ)⊕ · · · ⊕Er(xˆ)(xˆ) is contained in
the cone C(π(xˆ)).
Now, fix an arbitrary subspace F1 ⊂ C(x) of dimension d. By definition of Γn
(recall (2.2)) together with Corollary 4.1 it follows that
| detDfn(x) |F1 | ≤ Γn(x) := max
F˜⊂C(x)
| detDfn(x) |F˜ | ≤ K0| detDf
n(x) |F1 |.
(4.10)
Thus, the limit limi→∞
1
ni
log det |Dfni(x) |F1 |, taken along the sequence (ni)i
of c-cone-hyperbolic times for x, exists and coincides with Γν(x) for ν-a.e. x.
Moreover, using (4.10) once more, the fact that (Γn)n is sub-multiplicative and
Kingman’s subadditive ergodic theorem then Γν(x) = limn→∞
1
n
log | detDfn(x) |F1
|. Finally, the second equality in the corollary follows from the previous argument
and the fact that if x = π(xˆ) then K−10 | detDf
n(x) |F1 | ≤ | detDf
n(x) |
Fˆx
| ≤
K0| detDfn(x) |F1 |. This proves the corollary. 
Remark 4.5. Given c > 0 and δ = δ(c) > 0 as in Proposition 4.2, there exists
δ1 = δ1(c) ∈ (0, δ) so that if n is a c-cone-hyperbolic time for x then n is a
c
2 -cone-
hyperbolic time for every y ∈ B(x, n, δ1) (see e.g. Lemma 5.3 and Proposition 5.7
in [6]).
Let Leb denote the Lebesgue measure on the compact Riemannian manifold M .
The next proposition ensures that the Lebesgue measure satisfies a volume lemma
(at cone-hyperbolic times) expressed in terms of the Jacobian along of any subspace
of full dimension in the cone field. More precisely:
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Proposition 4.5. Let δ = δ( c2 ) > 0 be given by Proposition 4.2. Given 0 < ε < δ
there exists K(ε) > 0 so that if n is a c-cone-hyperbolic time for x and F1 is any
subspace of dimension d contained in C(x) then
K(ε)−1e− log | detDf
n(x)|F1 | ≤ Leb(B(x, n, ε)) ≤ K(ε)e− log | detDf
n(x)|F1 |. (4.11)
Proof. Given c > 0 let 0 < δ1 < δ = δ(
c
2 ) be given by Proposition 4.2 and Re-
mark 4.5. Assume that n is a c-cone-hyperbolic time for x and take 0 < ε ≪ δ1.
By Remark 4.5, n is a c2 -cone hyperbolic time for every y ∈ B(x, n, δ1) and, con-
sequently, if D is a C1-disk tangent to C(x) passing through y and d(y, ∂D) > ε
then there is an open neighborhood D(y, n, ε) of y in D diffeomorphic to a C1-disk
∆(fn(y), ε) by fn and such that
distfn−k(D(y,n,ε))(f
n−k(z), fn−k(y)) ≤ e−
c
2kdist∆(fn(y),ε)(f
n(z), fn(y)),
for every z ∈ D(y, n, ε) and 1 ≤ k ≤ n. Since the curvature of disks tangent to C(x)
is bounded, we may reduce δ1 is necessary to get that distM ≤ distD˜ ≤ 2distM for
every C1-disk D˜ of diameter δ1 tangent to the cone field.
Let D be a C1-disk of diameter δ1 tangent to C(x) passing through x and let
D(x, n, ε) be as above. Then it is not hard to check that
D ∩B(x, n,
ε
2
) ⊂ D(x, n, ε) ⊂ D ∩B(x, n, ε).
Moreover, as the local stable manifolds are exponentially contracted by iteration
of the dynamics, we have that W sloc(x) ∩ B(x, ε) = W
s
loc(x) ∩ B(x, n, ε). Set
W := W sloc(x) ∩B(x, ε), consider Wˆ = exp
−1
x (W ), Dˆx := exp
−1
x (D), and for every
y ∈ Wˆ let Dˆy be the C1-submanifold passing through y and obtained by parallel
transport from Dˆx (see Figure 2). In particular (expx(Dˆy))y∈Wˆ is a foliation by C
1-
fn
W
s
loc
(x)
W s
loc
(fn(x))
D
fn(D)
exp
x
x
B(0, δ0) ⊂ TxM
fn(x)
Dˆx
Figure 2. Construction of a foliation of the dynamic ball by disks
tangent to the cone field
submanifolds (γy)y∈W tangent to the cone field C that cover B(x, n, ε). By Fubini-
Tonelli Theorem, we have that Leb(B(x, n, ε)) =
∫
W
Lebγy(B(x, n, ε)∩γy) dy. Using
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change of variables and Proposition 4.3, we conclude that, for every y ∈W ,
Leb(fn(B(x, n, ε) ∩ γy)) =
∫
B(x,n,ε)∩γy
| detDfn(z) |Tzγy | dLebγy(z)
≤ C1Lebγy(B(x, n, ε) ∩ γy) | detDf
n(y) |Tyγy |
(the lower bound is analogous). Since n is a c-cone-hyperbolic time then fn(B(x, n, ε)∩
γy) contains a disk of uniform radius ε in γy, and the left hand side above is bounded
away from zero by some constant C2(ε) > 0. By Corollary 4.1,
Lebγy(B(x, n, ε) ∩ γy) ≥ C
−1
1 C2(ε)| detDf
n(y) |Tyγy |
−1
≥ K−10 C
−1
1 C2(ε)| detDf
n(y) |F1 |
−1 (4.12)
for all y ∈ W (by some abuse of notation F1 stands for the subspace of TyM
obtained from F1 ⊂ TxM by parallel transport). Since Leb(fn(B(x, n, ε) ∩ γy)) is
bounded above by a uniform constant C3(ε) > 0 a similar reasoning implies that
Lebγy(B(x, n, ε) ∩ γy) ≤ K0C1C3(ε)| detDf
n(y) |F1 |
−1, (4.13)
Now, since the distance between any pair of points in W is exponentially con-
tracted by forward iteration and W ∋ y 7→ | detDf(y) |F1 | is Ho¨lder continuous
then there exists K1 > 0 so that K
−1
1 | detDf
n(y) |F1 | ≤ | detDf
n(x) |F1 | ≤
K1| detDfn(y) |F1 | for any x, y ∈W and n ≥ 1. Therefore
Leb(B(x, n, ε)) =
∫
Lebγy(B(x, n, ε) ∩ γy) dy ≥ K(ε)
−1e− log | detDf
n(x)|F1 |,
for every n ≥ 1, where K(ε) = K0K1C1max{C2(ε)−1, C3(ε)}. Since the proof of
the upper bound is entirely analogous using (4.13) instead of (4.12), this completes
the proof of the proposition. 
5. A second volume lemma
5.1. The construction of the SRB measures. We first recall some of the argu-
ments in the construction of the SRB measures, referring the reader to [6] for full
details and proofs. Fix δ > 0 given by Proposition 4.2 andH = H(c) ⊂ U be the set
of points with infinitely many c-cone hyperbolic times and such that LebD(H) > 0,
guaranteed by hypothesis (H3). Reducing δ, if necessary, we can assume that
B := B(D, c, δ) := {x ∈ D ∩H : distD(x, ∂D) ≥ δ} satisfies LebD(B) > 0. For
each n ∈ N define Hn := {x ∈ B : n is a c-cone hyperbolic time for x} . By [6,
Section 5], there exists τ > 0 and for each n ∈ N there is a finite set H∗n ⊂ Hn such
that the hyperbolic pre-disks (D(x, n, δ))x∈H∗n are contained in D, pairwise disjoint
and their union Dn :=
⋃
x∈H∗n
D(x, n, δ) satisfies LebD(Dn ∩ Hn) ≥ τLebD(Hn).
The sequence of probability measures (νn)n given by (3.4) have non-trivial accumu-
lation points ν in the weak∗ topology. Each measure νn (recall (3.4)) is supported
on the union of disks ∪n−1j=0∆j , with ∆j := ∪x∈H∗j ∆(f
jx, δ) and the support of any
accumulation point ν of (νn)n∈N is contained in a union of unstable manifolds of
uniform size.
Proposition 5.1. [6] Given y ∈ supp(ν) exist xˆ = (x−n)n∈N ∈Mf such that y be-
longs to a disk ∆(xˆ) of radius δ > 0 accumulated by nj-hyperbolic disks ∆(f
nj (x), δ)
with j →∞, and satisfying that
(1) the inverse branch f−nx−n is well defined in ∆(xˆ) for every n ≥ 0;
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(2) if for each y ∈ ∆(xˆ) one takes y−n := f−nx−n(y) then distM (y−n, x−n) ≤
e−
c
2 ·nδ for every n ≥ 0.
By Proposition 5.1, given y ∈ supp(ν) there is a disk ∆(xˆ) which is contractive
along the pre-orbit xˆ ∈ Mf . We proceed to prove νˆ is supported on a union of
unstable manifolds. For that, if ∆(xˆ) (xˆ ∈ Hˆ∞) is a disk given by Proposition
5.1 then there exists a sequence of points (zjk)k∈N satisfying zjk ∈ H
∗
jk
for every
k ∈ N such that limk→∞∆(f jk(zjk), δ) = ∆(xˆ). Since limk→∞ f
jk−n(zjk) = x−n
for every n ∈ N (where the limit is taken over jk ≥ n) then it is natural to define:
∆ˆ(xˆ) :=
{
yˆ ∈Mf : yˆ = lim
s→∞
yˆjks , for some subsequence (yˆjks )s∈N
where yˆjks ∈ fˆ
jks (π−1(D(zjks , jks , δ))) and (zjks )s∈N⊂ (zjk)k∈N
}
. (5.1)
Roughly, the set ∆ˆ(xˆ) is formed by all points obtained as accumulation points of a
sequence (yˆjk)k∈N where yˆjk ∈ fˆ
jk(π−1(D(zjk , jk, δ))) for every k ≥ 1. The support
of the lift νˆ of ν to Mf is contained in the union of this family of sets. More
precisely:
Lemma 5.1. Given yˆ ∈ supp(νˆ), there exists xˆ ∈ Mf and ∆ˆ(xˆ) ⊂ Mf (given by
(5.1)) such that yˆ ∈ ∆ˆ(xˆ) and π|∆ˆ(xˆ) : ∆ˆ(xˆ)→ ∆(xˆ) is a continuous bijection.
Let Hˆ∞ be the set of points xˆ ∈ Mf given by Lemma 5.1. Then supp(νˆ) ⊂⋃
xˆ∈Hˆ∞
∆ˆ(xˆ). This is a key step in the proof that ν is a f -invariant hyperbolic
measure . Moreover,
Theorem 5.1. [6, Theorem 5.1] There exists C3 > 1 so that the following holds:
given (xˆ, l) there exists a family of conditional measures (νˆ∆ˆ)∆ˆ∈Kˆ∞(xˆ,l) of νˆ|Kˆ∞(xˆ,l)
such that π∗νˆ∆ˆ ≪ Leb∆, where ∆ = π(∆ˆ), and
1
C3
Leb∆(B) ≤ π∗νˆ∆ˆ(B) ≤ C3Leb∆(B)
for every measurable subset B ⊂ ∆ and for almost every ∆ˆ ∈ Kˆ∞(xˆ, l).
5.2. The second volume lemma. In this subsection we restate and prove a vol-
ume lemma for the SRB measure µ on the attractor Λ. This will be crucial to prove,
in Subsection 6.1, that the SRB measure satisfies a non-uniform version of the Gibbs
property. Recall that a SRB measure for f is an invariant measure satisfying that
π∗µˆP(xˆ) ≪ Lebpi(P(xˆ)), for µˆ almost every xˆ ∈ Λ
f , where µˆ is the lift of µ to Λf ,
for any partition P subordinated to unstable manifolds. Since π(P(xˆ)) ⊂Wuloc(xˆ),
Lebpi(P(xˆ)) denotes the Lebesgue measure inherited by the Riemannian metric on
the unstable manifold associated to xˆ.
Let us fix a partition P subordinated to unstable manifolds. Since the natural
projection π is a homeomorphism with its image when restricted to an atom of P
we can define a measure mˆγˆ = (π|γˆ)∗Lebγˆ for all γˆ ∈ P . So, if µ is a SRB measure
then µˆγˆ ≪ mˆγˆ . By the Radon-Nykodim theorem, there is a measurable function
ργˆ : γˆ → R, almost everywhere positive and satisfying that:
µˆγˆ(Bˆ) =
∫
Bˆ
ρ(xˆ)dmˆγˆ(xˆ). (5.2)
The following lemma shows that the function ργˆ is uniformly bounded away from
zero and infinity in local unstable manifolds. More precisely:
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Lemma 5.2. Let P be a partition of Λf subordinated to unstable manifolds. There
exists C > 0 such that
e−Cdistγ(x0,y0)
α
≤
ργˆ(xˆ)
ργˆ(yˆ)
≤ eCdistγ(x0,y0)
α
,
for all xˆ, yˆ ∈ γˆ, for all γˆ ∈ P, where γ = π(γˆ), x0 = π(xˆ) e y0 = π(yˆ).
Proof. Let γˆ be an atom of P , let γ = π(γˆ) and let n ∈ N be fixed. Since the lifts
of unstable manifolds to Λf are invariant by fˆ−n and the map π|
fˆ−n(γˆ) is injective,
we conclude that fˆ−n(P) is also a partition subordinated to unstable manifolds.
Denote γˆ−n := fˆ
−n(γˆ) and ρn the density of µˆγˆ−n with respect to mˆγ . By (5.2)
and change of variables,
µˆγˆ−n(Bˆ) =
∫
fˆn(Bˆ)
ρn ◦ fˆ
−n(xˆ)| det(Dfˆ−n|Tpi(xˆ)γ)|dmˆγ(xˆ).
HereDfˆ−n(xˆ) = (Dfn(x−n))
−1. As the disintegrations are unique (in a µˆ-full mea-
sure subset) then fˆn∗ µˆγˆ−n = µˆγˆ , and so ρ(xˆ) = ρn(fˆ
−n(xˆ)) · | det(Dfˆ−n(xˆ)|Tpi(xˆ)γ)|.
Therefore, given xˆ, yˆ ∈ γˆ we get
ρ(xˆ)
ρ(yˆ)
=
ρn(fˆ
−n(xˆ))
ρn(fˆ−n(yˆ))
·
∣∣∣det
(
Dfˆ−n(xˆ)|Tpi(xˆ)γ
)∣∣∣∣∣∣det
(
Dfˆ−n(yˆ)|Tpi(yˆ)γ
)∣∣∣ . (5.3)
Since γ is contained in a local unstable manifold and the Jacobian of disks tangent
to the cone field is Ho¨lder continuous (recall Proposition 4.1) we conclude that the
second quocient in the right side above is bounded above by eCdistγ(x0,y0)
α
, where
C = L1 ·
ecα/2
ecα/2−1
.
Consider the map ρ : Λf → R given by ρ(xˆ) = ργˆxˆ(xˆ), where γˆxˆ is the atom of
P that contains xˆ. By Lusin’s theorem for every ε > 0 there is a compact subset
Ωˆ ⊂ Λf such that ρ |Ωˆ is a (uniformly) continuous function and µˆ(Λ
f\Ωˆ) < ǫ. In
particular, given k ∈ N there exist δk > 0 such that∣∣∣∣ ρ(zˆ)ρ(wˆ) − 1
∣∣∣∣ < 1k ,
for all zˆ, wˆ ∈ Ωˆ with dˆ(zˆ, wˆ) < δk. We will use the previous estimate for suitable
returns of xˆ and yˆ. By Birkhoff ergodic theorem the frequency of visits of xˆ and yˆ to
Ωˆ tends to µˆ(Ωˆ) ≥ 1−ǫ. In particular there are infinitely many simultaneous returns
of xˆ, yˆ ∈ γˆ to Ωˆ. Hence there exists nk ∈ N satisfying that fˆ−nk(xˆ), fˆ−nk(yˆ) ∈ Ωˆ
and dˆ(xˆ, yˆ) < δk. Therefore,∣∣∣∣∣
ρ(fˆ−nk(xˆ))
ρ(fˆ−nk(yˆ))
− 1
∣∣∣∣∣ <
1
k
or, equivalently,
∣∣∣∣∣
ρnk(fˆ
−nk(xˆ))
ρnk(fˆ
−nk(yˆ))
− 1
∣∣∣∣∣ <
1
k
.
In consequence we find a sequence nk →∞ satisfying
lim
k→∞
ρnk(fˆ
−nk(xˆ))
ρnk(fˆ
−nk(yˆ))
= 1.
Then, the expression (5.3) also can be bounded by eCdistγ(x0,y0)
α
. The other in-
equality in the lemma follows by inversion of the roles of xˆ and yˆ above. 
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Proposition 5.2. Assume that the density ρ : Λf → R satisfies 1
K∗
≤ ργˆ(yˆ) ≤ K∗
for all yˆ ∈ Bˆ. Let δ > 0 be given by the definition of c-cone-hyperbolic times. Given
0 < ε < δ there exists K2 = K2(ε) > 0 so that if n is a c-cone-hyperbolic time for
x and F is any subspace of dimension d contained in C(x) then
K2(ε)
−1e− log | detDf
n(x)|F | ≤ µ(Λ ∩B(x, n, ε)) ≤ K2(ε)e
− log | detDfn(x)|F |. (5.4)
Proof. Let n be a c-cone-hyperbolic time for x and ε > 0 be as above. If µˆ is the lift
of the SRB measure µ to Λf then µ = π∗µˆ. Fix a partition P of Λf subordinated
to the unstable manifolds. Then
µ(Λ ∩B(x, n, ε)) = π∗µˆ(B(x, n, ε)) = µˆ(π
−1(B(x, n, ε))) =
∫
P
µˆγˆ(π
−1(B(x, n, ε)))dµˆ(γˆ).
Denote Bˆ := π−1(B(x, n, ε)). Since π(γˆ) is contained in some local unstable mani-
fold we have that π(γˆ) is tangent to the cone field C. In particular, distγ(x0, y0) ≤
2distM (x0, y0) < 4ε for all xˆ, yˆ ∈ γˆ ∩ Bˆ. Using Lemma 5.2 and that the density of
µ is bounded away from zero and infinity, for every γˆ ∈ P there exists yˆγˆ ∈ γˆ so
that
µˆγˆ(Bˆ) =
∫
Bˆ
ργˆ(xˆ)dmˆγˆ(xˆ) ≤ e
C(4ε)αργˆ(yˆγˆ)mˆγˆ(Bˆ) ≤ K
∗eC(4ε)
α
mˆγˆ(Bˆ)
and, consequently, µ(Λ ∩ B(x, n, ε)) ≤ eC(4ε)
α
K∗
∫
P mˆγˆ(Bˆ)dµˆ(γˆ), for every suffi-
ciently small ε. Inequality (4.13) now ensures that
mˆγˆ(Bˆ) = Lebpi(γˆ)(B(x, n, ε)) ≤ K(ε)| detDf
n(x) |F |
−1
where F is the tangent space to some unstable disc that contains x, for all γˆ that
intersects Bˆ. Therefore,
µ(Λ ∩B(x, n, ε)) ≤ K∗eC(4ε)
α
K(ε)e− log | detDf
n(x)|F |.
The inverse inequality is obtained in the same way, using the inverse inequalities
from Lemma 5.2 and Proposition 4.5. So, taking K2(ε) = K
∗eC(4ε)
α
K(ε) we
complete the proof of the proposition. 
6. Large deviations: Proof of Theorem A
6.1. The SRB measure is a Weak Gibbs measure. In this subsection we prove
that under the mild assumptions in Theorem A the SRB measure is a weak Gibbs
measure, that is, satisfies the conclusion of Proposition 6.1 below. Let H be the set
of points with infinitely many c-cone hyperbolic times. It is a standard argument
to prove that the volume lemma together with the non-lacunarity of the sequences
of cone-hyperbolic times ensures the weak Gibbs measure. More precisely:
Proposition 6.1. Assume that the sequence of cone-hyperbolic times is non-lacunar
for µ-almost every x. Then, for µ-almost every x ∈ H, there exists δ > 0 so that
given 0 < ε < δ there exists a sequence (Kn(x, ε))n of positive integers such that
lim
ε→0
lim sup
n→∞
1
n
logKn(x, ε) = 0 for µ-almost every x and, for any subspace F1 of
dimension d contained in C(x), it holds
Kn(x, ε)
−1e− log | detDf
n(x)|F1 | ≤ µ(Λ ∩B(x, n, ε)) ≤ Kn(x, ε)e
− log | detDfn(x)|F1 |
for every n ≥ 1.
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Proof. We will prove the upper bound in the proposition (the lower bound is anal-
ogous). Let δ > 0 be given by the second volume lemma. Then, for every 0 < ε < δ
there exists K2(ε) > 1 so that if n is a c-cone-hyperbolic time for x and F1 is any
subspace of dimension d contained in C(x) then
K2(ε)
−1e− log | detDf
n(x)|F1 | ≤ µ(Λ ∩B(x, n, ε)) ≤ K2(ε)e
− log | detDfn(x)|F1 |.
Given an arbitrary n ≥ 1 write ni(x) ≤ n < ni+1(x), where ni(x) and ni+1(x) are
consecutive c-cone hyperbolic times for x. Then taking ni = ni(x) it follows that
µ(B(x, n, ε)) ≤ µ(B(x, ni, ε)) ≤ K2(ε)e
− log | detDfni(x)|F1 |
= K2(ε)e
− log | detDfn(x)|F1 |+log | detDf
n−ni (fni (x))|F1 |
= Kn(x, ε) e
− log | detDfn(x)|F1 |,
where
Kn(x, ε) := K2(ε)(d
−1 min
y∈M
‖Df(y)−1‖)n−ni (6.1)
(depends only on the center x). Now, since c-cone-hyperbolic times concatenate,
note that
1
n
logKn(x, ε) ≤
1
n
logK2(ε) +
n− ni(x)
n
log(d−1 min
y∈M
‖Df(y)−1‖)
≤
1
n
logK2(ε) +
ni+1(x)− ni(x)
n
log(d−1 min
y∈M
‖Df(y)−1‖)
which, by assumption, tends to zero as n→∞. This finishes the proof. 
Remark 6.1. In the case that Λ is a hyperbolic set for the endomorphism f , it
admits a Markov partition. If this is the case, since the SRB measure µ satisfies
a weak Gibbs property, several consequences can be obtained from [19]: exponential
large deviation bounds and almost sure estimates for the error term in the Shannon-
McMillan-Breiman convergence to entropy, and a topological characterization of
large deviations bounds for Gibbs measures, and deduce their local entropy is zero
(see [19] for the precise statements).
6.2. Large deviations for the SRB measure. Since the SRB measure is a weak
Gibbs measure (Proposition 6.1) we adapt the methods used in [17, 18, 21] to obtain
large deviations estimates for weak Gibbs measures. The main difference here lies
on the non-additive characterization of volume expansion along the invariant cone
field which in turn requires some ingredients from the variational principle for sub-
additive sequences of potentials.
We proceed with the proof of Theorem A. Let β > 0, 0 < ε < δ0/2 and n ≥ 1
be fixed and let F ⊂ R be a closed interval. Given n ≥ 1 set Bn = {x ∈ M :
1
n
∑n−1
j=0 φ(f
j(x)) ∈ F} and write
Bn ⊂ {x ∈ Λ: Kn(x, 2ε) > e
βn} ∪
(
Bn ∩ {x ∈ Λ: Kn(x, 2ε) ≤ e
βn}
)
(6.2)
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where Kn(x, 2ε) is given by (6.1). Set C = d
−1miny∈M ‖Df(y)−1‖. Observe that
that if n ≥ 1 is large (depending only on ε)
{x ∈ Λ: Kn(x, 2ε) > e
βn} ⊂ {x ∈ Λ: (n− ni(x)) logC > βn− logK2(2ε) >
β
2
n}
⊂
{
x ∈ Λ: n1(f
ni(x)(x)) >
βn
2 logC
}
⊂
n⋃
k=1
{
x ∈ Λ: n1(f
k(x)) >
βn
2 logC
}
where ni(x) ≤ n < ni+1(x) are consecutive cone-hyperbolic times for x. Since µ is
f -invariant then
µ({x ∈ Λ: Kn(x, ε) > e
βn}) ≤ nµ
({
x ∈ Λ: n1(x) >
βn
2 logC
})
. (6.3)
On the other hand, if En ⊂ Bn ∩ {x ∈ Λ: Kn(x, 2ε) ≤ eβn} is a maximal (n, ε)-
separated set, Bn ∩∆n is contained in the union of the dynamical balls B(x, n, 2ε)
centered at points of En and, consequently,
µ(Bn) < nµ
({
x ∈ Λ: n1(x) >
βn
2 logC
})
+ eβn
∑
x∈En
e−Jn(x) (6.4)
for every large n, where Jn(x) = log | detDfn(x) |F1 | and F1 is any subspace of
dimension d in C(x). Now, consider the probability measures σn and ηn given by
σn =
1
Zn
∑
x∈En
e−Jn(x)δx and ηn =
1
n
n−1∑
j=0
f j∗σn,
where Zn =
∑
x∈En
e−Jn(x), and let η be a weak∗ accumulation point of the se-
quence (ηn)n. It is not hard to check that η is an f -invariant probability measure.
Assume P is a partition of M with diameter smaller than ε and η(∂P) = 0. Each
element of P(n) contains a unique point of En. As in the proof of the variational
principle for sub-additive potentials (cf. [3, pp. 648–550])
Hσn(P
(n))−
∫
Jn(x) dσn = log
( ∑
x∈En
e−Jn(x)
)
which guarantees that
lim sup
n→∞
1
n
logZn ≤ hη(f)− lim
n→∞
1
n
∫
Jn(x) dη(x) = hη(f)−
∫
Γη(x) dη. (6.5)
We used the definition of Γη in (2.2) and Corollary 4.1 to guarantee that the limit
in the right-hand side above exists. Since 1
n
∑n−1
j=0 φ(f
j(x)) ∈ F for every x ∈ En
then
∫
φdηn ∈ F for every n ≥ 1 and
∫
φdη ∈ F by weak∗ convergence. Finally,
equations (6.1), (6.4) and (6.5) imply that for every β > 0
lim sup
n→∞
1
n
logµ(Bn) ≤ max{Eµ(β) ,− inf
c∈F
I(c) + β} (6.6)
where
Eµ(β) = lim sup
n→∞
1
n
logµ
(
x : n1(x) >
βn
2 logC
)
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and
I(c) = sup{hη(f)−
∫
Γη(x) dη : η ∈M1(f),
∫
φdη ∈ F}.
Since (6.6) holds and β > 0 is arbitrary, taking the infimum over all possible β > 0
in the second alternative in (6.6) we deduce that for every β > 0
lim sup
n→∞
1
n
logµ(Bn) ≤ inf
β>0
[
max{Eµ(β) ,− inf
c∈F
I(c) + β}
]
which prove the second item in Theorem A. This completes the proof of the theorem.
Remark 6.2. Note that
Eµ(β)
β
= lim sup
n→∞
1
βn
logµ
(
x : n1(x) >
βn
2 logC
)
≤
1
2 logC
lim sup
n→∞
1
n
logµ
(
x : n1(x) > n
)
,
where the right-hand side is a constant E ≤ 0 which independs on β. In consequence,
Eµ(β) ≤ βE ≤ 0 for every β > 0. Hence, the inequality is effective for large
deviations when there exists β > 0 so that Eµ(β) < 0 or, in other words, when the
first cone-hyperbolic time n1 has exponential tail.
6.3. Proof of Corollary A. Assume that we are in the context of Theorem A
and that n1 has exponential tails. On the one hand, there exists E > 0 so that
Eµ(β) ≤ −βE for all β > 0. On the other hand, it follows from the proof of
Theorem A that for every β > 0 there exists a probability measure η such that∫
φdη /∈ (
∫
φdµ− δ,
∫
φdµ+ δ) and
lim sup
n→∞
1
n
logµ(Bn) ≤ max{Eµ(β) , hη(f)−
∫
Γη(x) dη + β} (6.7)
for every β > 0 (recall equations (6.4) - (6.6)). By Ruelle inequality it follow that
hη(f)−
∫
Γη(x) dη = hη(f)−
∫ ∑
λi(η,x)>0
λi(η, x) dη ≤ 0.
By Pesin’s entropy formula ([11, Theorem VII.1.1]), the unique SRB measure µ
for f on the attractor Λ is the unique invariant measure that satisfies the equality
hµ(f) =
∫ ∑
λi(µ,x)>0
λi(µ, x) dµ. In consequence, there exists β > 0 so that the
right-hand side of (6.7) is strictly negative. This proves the corollary.
7. Some examples
In this section we give some applications of our main results in the context of
Anosov and partially hyperbolic endomorphisms.
7.1. Anosov endomorphisms. Let f : M → M be an Anosov endomorphism,
i.e., f be a local diffeomorphism satisfying (H1)-(H4) onM with condition (2.1) re-
placed by ‖(Df(x)|−1
C(x)‖ ≤ e
−2c < 1 for all x ∈M . Then for all xˆ ∈Mf there exists
a splitting TxˆM
f = Esx0 ⊕ E
u
xˆ and constants C > 0 and λ ∈ (0, 1) satisfying that:
(1) Df(x0)·Esx0 = E
s
f(x0)
and Df(x0)·Euxˆ = E
u
fˆ(xˆ)
(2) ‖Dfn(x0)·v‖ ≤ C ·λn‖v‖ for
all v ∈ Esx0 and n ∈ N; (3) ‖(Df
n(x−n))
−1 · v‖ ≤ Cλn‖v‖ for all v ∈ Euxˆ [10]. It is
clear that this class of endomorphisms fits in the class of dynamics considered here,
hence there exists finitely many SRB measures for f and it is unique whenever f is
transitive [6, Theorem A]. Observe that, the uniform expansion along the cone field
C implies that all times c-cone-hyperbolic time. Consequently, the non-lacunarity
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assumption or the sequence of c-cone-hyperbolic times is trivially satisfied. There-
fore, Theorem A and Corollary A provide large deviations upper bounds for for the
SRB measure of the Anosov endomorphism. This provides an alternative proof to
the large deviations estimates for uniformly hyperbolic endomorphisms obtained in
[7, Theorem 1.2] with respect to continuous potentials for the SRB measure, which
explores the Ho¨lder continuity of the unstable Jacobian on the natural extension
Mf .
7.2. Endomorphisms derived from Anosov. Dynamical systems in the isotopy
class of uniformly hyperbolic ones have been intensively studied in the last decades,
as candidates for robustly transitive dynamics. The class of C1-robustly transitive
non-Anosov diffeomorphisms considered by Man˜e´ are among the first classes of
examples of this kind, and their SRB measures were constructed by Carvalho in [4].
In this subsection we illustrate how some partial hyperbolic endomorphisms can be
obtained, by local perturbations, in the isotopy class of hyperbolic endomorphisms.
In [13] Sumi constructed non-hyperbolic topologically mixing partially hyperbolic
endomorphisms on T2 . We make the construction of the example in dimension
3 for simplicity although similar statements hold in higher dimension. In what
follows we give an example of dynamical system with hyperbolic periodic points
with different index but we could consider also the case of existence of periodic
points with an indifferent direction.
Consider M = T3, let g :M →M be a linear Anosov endomorphism induced by
a hyperbolic matrix A ∈ M3×3(Z) displaying three real eigenvalues and such that
TM = Es⊕Eu is the Dg-invariant splitting, where dimEu = 2. For instance, take
a matrix of the form
A =

 n 1 01 1 0
0 0 2


for an integer n ≥ 2. The map g is a special Anosov endomorphism, meaning that
the unstable space independs of the pre-orbits and it admits a finest dominated
splitting Es ⊕ Eu ⊕ Euu. If p ∈ M is a fixed point for g and δ > 0 is sufficiently
small, one can write g on the ball B(p, δ) (in terms of local coordinates in Esp⊕E
u
p )
by g(x, y, z) = (f(x), h(y, z)), where x ∈ Esp, (y, z) ∈ E
u
p , f is a contraction along
Esp and h is expanding along E
u
p . Let λ2, λ3 ∈ R be the eigenvalues of Dg(p) |Eup .
Suppose that |λ2| ≥ |λ3| > 1. Consider an isotopy [0, 1] ∋ t 7→ ht satisfying:
(i) h0 = h; (ii) for every t ∈ [0, 1] the diffeomorphism ht has a fixed point pt
(continuation of p) which, without loss of generality, we assume to coincide with
p; (iii) ht : E
c
t,p → E
c
t,p is a C
1+α map, where Ect,p := E
u
p for every t ∈ [0, 1]; (iv)
the eigenvalues of Dh1 at p are λ2 and ρ ∈ R with |ρ| < 1 (determined by (7.1)
and (7.2) below) (v) if gt(x, y, z) = (f(x), ht(y, z)) then gt |M\B(p,δ)= g |M\B(p,δ)
for every t ∈ [0, 1]. Reducing δ > 0 if necessary, we may assume that gt |B(p,δ) is
injective for every t ∈ [0, 1].
Roughly, the fixed point p goes through a pitchfork bifurcation along a one
dimensional subspace contained in the unstable subspace associated to the original
dynamics on the open set O = B(p, δ). Given a ∈ (0, 1) and the splitting TM =
Est ⊕ E
c
t consider the families of cone fields
Csa(x) := {v = vs ⊕ vc : ‖vc‖ ≤ a ‖vs‖} and C
u
a (x) := {v = vs ⊕ vc : ‖vs‖ ≤ a ‖vc‖}
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and assume without loss of generality that ‖(u, v, w)‖ = |u|+ |v|+ |w| for (u, v, w) ∈
Es ⊕Eu⊕Euu (local coordinates for g). If a > 0 is small then the families of cone
fields are Dg1-invariant. Indeed, one can write v = vs ⊕ vc ∈ Cs(g1(p)), with
v∗ ∈ E∗1,g1(p), ∗ ∈ {s, c}. Assume ρ is such that∣∣λ1 · ρ−1∣∣ < 1. (7.1)
Then
∥∥Dg1(g1(p))−1 · vc∥∥ ≤ |ρ|−1 ‖vc‖ ≤ |ρ|−1 a ‖vs‖ ≤ |λ1| |ρ|−1·a ∥∥Dg1(p)−1 · vs∥∥ ,
which proves that Dg1(p)
−1 · Csa(g1(p)) ⊂ C
s
|λ1ρ−1|a
(p). Analogously, if v ∈ Cu1 (p)
then ‖Dg1(p) · vs‖ ≤
∣∣λ−12 λ1∣∣ a ‖Dg1(p) · vc‖ and, consequently, Dg1(p) · Cua (p) ⊂
Cu
|λ1λ
−1
2 |a
(g1(p)). By continuity, since δ is assumed small, we get the invariance of
the cone fields for all points on the ball B(p, δ). Now observe that g1 |B(p,δ) expands
volume along Ec1,x as it coincides with g |B(p,δ). Moreover, if ρ is so
|λ2 · ρ| > 1 (7.2)
then | det(Dg1(p) |Ec1,p)| = |λ2| |ρ| > 1 and, using that a > 0 is small and x 7→
det(Dg1(x) |Ec1,x) is continuous, we conclude that infx∈M | det(Dg1(x) |Ec1,x)| > 1
and that the same property holds for the Jacobian along disks tangent to the cone
field. Simple computations show that ‖Dg1(p) · v‖ ≥ (1 − a) · ρ ‖v‖ for v ∈ Cua (p)
and, by continuity of the derivative, we get that ‖Dg1(x) · v‖ ≥ L ‖v‖ for every
x ∈ B(p, δ) and v ∈ Cu(x) with L = L(ρ) close to (1− a)ρ, hence close to 1. If x /∈
B(p, δ), then g1 |M\B(p,δ)= g |M\B(p,δ) and so ‖Dg1(x) · v‖ ≥ (1−a)·λ3 ‖v‖ for every
v ∈ Cua (x). Finally, since δ is assumed small, any partition {V1, V2, . . . , Vk, Vk+1}
of T3 such that Vk+1 = B(p, δ) and each Vi contains a ball of radius δ and is
contained in a ball of radius 2δ satisfies that for every disk D tangent to the cone
field, the image g1(D ∩ Vi) ∩ Vj has at most one connected component for all
i, j ∈ {1, 2, . . . , k + 1}. The estimates in [6, Section 7] ensure that g1 satisfies the
hypothesis (H1)-(H4) and that there exist K, ε > 0 uniform so that for every disk
D tangent to the cone field
LebD(n1(·) > n) ≤ Ke
−εn
for every n ≥ 1. Then, a calculation identical to [20, Lemma 4] guarantees that the
density of µ with respect to the Lebesgue measure along local unstable manifolds is
bounded away from infinity, hence the first cone-hyperbolic time is integrable with
respect to µ. Therefore, the sequence of c-cone-hyperbolic times is non-lacunar µ-
almost everywhere [20, Corollary 3.8]. As a consequence of our results the volume
lemmas hold and we obtain exponential convergence of Birkhoff averages for g1 and
all continuous observables with respect to the SRB measure.
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